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The high ﬁdelity generalizedmethod of cells (HFGMC) has been originally developed by Aboudi (2001) and
Aboudi et al. (2001) as a micromechanical method for periodic multi-phase composite media. A compu-
tational implementation of the HFGMC equations has been proposed by Bansal and Pindera (2004) to
enhance numerical efﬁciency, still with direct reference to the HFGMC formulation. Later, the same com-
putational implementation is recast as a new method called ‘‘ﬁnite volume direct averaging microme-
chanics’’ (FVDAM), starting by Bansal and Pindera (2006). The current discussion paper has two aims.
The ﬁrst is to show that the FVDAM is not a new method and that it has the same assumptions and iden-
tical governing equations as those originally derived by the HFGMC. The only difference is in the solution
procedure where intermediate dependent variables, in the form of average displacements at the inter-
faces, are used instead of directly solving for the unknown micro-variables; the coefﬁcients of the dis-
placement polynomials. Thus, renaming the HFGMC micromodel to FVDAM has not been justiﬁed. In
fact, (Haj-Ali and Aboudi, 2009) have shown that the same reduction of variables can be achieved by a sim-
ple static condensation carried out at the global system of equations instead of introducing intermediate
variables. The second aim of this paper is to addressmisrepresentations in a recent discussion paper by the
FVDAM authors claiming, in part, that the HFGMC method using parametric geometry of the subcells
should follow their formulation (termed parametric FVDAM). We show that the latter is limited to an
incomplete quadratic expansion of the displacement and an approximation in the form of a priori constant
Jacobian of the parametric mapping. However, the HFGMC with arbitrary cell geometry, (Haj-Ali and
Aboudi, 2010), has been formulated in a direct and general manner, i.e. retaining the full quadratic expan-
sion of the displacement together with the complete Jacobian. Thus, the parametric FVDAM is a special
case of the parametric HFGMC, i.e. when the Jacobian is sampled and evaluated only at one point, namely
the origin of the parametric coordinate system. The intended new contribution of Haj-Ali and Aboudi
(2010) to reﬁned micromechanics and progressive damage has been completely ignored by the
FVDAM-discussion paper. Therefore, in order to maintain scientiﬁc clarity, it is strongly advocated to pre-
serve the original name of the HFGMCmethod, regardless of the different computational implementations
used for solving the governing equations for both orthogonal and parametric geometries of the subcells.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
A higher-order micromechanical model referred to as the ‘‘high
ﬁdelity generalized method of cells’’ (HFGMC) is based on a
second-order expansion of the displacements, (Aboudi et al.,
2001; Aboudi, 2001, 2004). The HFGMC extends the method of
cells (MOC) and the generalized method of cells (GMC), (Aboudi,
1982, 1991 and Paley and Aboudi, 1992), respectively. The linearll rights reserved.
ngineering, Faculty of Engi-
l. Tel.: +972 3 640 8207; fax:expansion of the displacement vector ﬁeld, in MOC and GMC, is
generalized to a second-order expansion. This explains the term
HFGMC as a subsequent extension to its predecessors, MOC and
GMC. The same higher-order displacement expansion used in the
HFGMC is rooted in an earlier method for the analysis of harmonic
and transient wave propagation in heterogeneous composite med-
ia, (Aboudi, 1986, 1987, 1988). Similarly, cross and transverse
cracks in cross-ply laminates have been investigated using repeat-
ing unit cells with a higher-order expansion, (Aboudi et al., 1988;
Herakovich et al., 1988). Furthermore, the same second-order
expansion has been utilized in the inelastic thermomechanical
analysis of functionally graded materials referred to as higher-
order theory for functionally graded materials (HOTFGM). The ﬁrst
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followed by a series of investigations which were summarized by
Aboudi et al. (1999). It should be emphasized that while the
HFGMC employs the same higher-order expansion, however, it is
formulated as a micromechanical method for the homogenization
of linear and nonlinear periodic multiphase materials.
Over the last decade several re-formulations and implemen-
tations of the HFGMC have been carried out to model different
physical and mechanical behaviors in composites. Coupled elec-
tro-magneto-thermo-elastic analysis of multiphase composites
have been studied (Aboudi, 2001). Inelastic and viscoelastic-
viscoplastic micromechanical effects have been investigated using
the HFGMC by Aboudi et al. (2002, 2003) and Aboudi (2005). Inter-
facial damage and ﬁber loss effects using HFGMC were addressed
by Bednarcyk et al. (2004) and Ryvkin and Aboudi (2007). The anal-
ysis of periodic lattice blocks has been performed by Aboudi and
Gilat (2005), whereas pressurized foam cell microstructure in the
insulation of the external tank of the space shuttle have carried
out by Bednarcyk et al. (2008). Numerous types of smart composite
material systems have been modeled using the HFGMC method,
see (Aboudi, 2007) for an extensive review.
In the area of shape memory alloy composites, the HFGMC has
been extended and applied to the local and global behavior of these
material systems, see the recent study of Aboudi and Freed (2010).
Finally, (Bruck et al., 2007) employed the HFGMC modeling capa-
bility in the optimization of porous microstructures using multi-
objective function with the genetic algorithm method. Continuum
damage have been introduced within HFGMC by Bednarcyk et al.
(2010), and Aboudi (2011). To this end, isotropic and anisotropic
damage evolutions has been introduced and their effects on unidi-
rectional composites in the presence of full thermomechanical
coupling have been studied.
Several extensions of the HFGMC have been conducted. Haj-Ali
and Aboudi (2009) provided total and incremental formulation of
the HFGMC for the micromechanical analysis of nonlinear multi-
phasematerials. An iterative procedure has been developed to min-
imize the residual error and satisfy the HFGMC governing equations
in their total form. In addition, the overall system of algebraic equa-
tions have been assembled in a compact matrix form utilizing the
relevant equations for a set of two feed-forward interfaces sweep-
ing the entire array of subcells resulting in enhanced computational
efﬁciency. In Aboudi (2002), a ﬁnite strain HFGMC formulation has
been performed for the analysis of composites undergoing large
deformations. This necessitates the use of conjugate stress and
strain measures along with the deformation gradient tensor. Vari-
ous types of ﬁnite strain constitutive equations have been imple-
mented within the ﬁnite strain HFGMC framework such as
hyperelastic coupled with damage, thermo-inelastic and thermo-
viscoelastic, see an expanded review by Aboudi (2008).
The original HFGMC formulations have been performed in
conjunction with orthogonal array of subcells used to depict the
geometry of thephases (regular array). This limitation requires a rel-
atively large number of subcells if the objective is to accurately
capture reﬁned geometrical features and the spatial variations of
the local solution ﬁelds. Despite this limitation, the previous
applications have demonstrated the effectiveness of the method to
generate the local solution ﬁelds by using sufﬁciently large number
of rectangular subcells. It should be emphasized that few number of
rectangular subcells is sufﬁcient to generate the effective linear and
nonlinear response for the overall composite with high accuracy. In
fact, this is one of the advantages of using the HFGMC in a local-glo-
bal analysis of composite structures with selective geometrical
reﬁnement for the microstructure, (Haj-Ali and Aboudi, 2009).
A natural extension that overcomes the limitations of the
regular orthogonal array is to employ a parametric mapping. This
is a common practice, which has been used in many science andengineering ﬁelds; it involves the solution of the governing equa-
tions using classical coordinate transformation in conjunction the
well-known Jacobian of the transformation. To this end, (Haj-Ali
and Aboudi, 2010) used linear geometrical mapping of the subcells
to map the geometry of the phases of the composite. This linear
and parametric geometric mapping can be applied for a unit-cell
with general phase geometry using arbitrary quadrilateral cell
shapes that are transformed to an auxiliary uniform square shape
(parent coordinates). It is important to note that while linear geo-
metric mapping is employed, quadratic displacement expansion,
similar to the original HFGMC, is still performed but in the auxil-
iary space coordinate system. Special attention has been made in
this study to employ a complete quadratic polynomial expansion
in the auxiliary space in order apply the proper mapping for the
arbitrary geometry of the subcell. In addition, the complete form
of the transformation Jacobian has been employed without approx-
imation which necessitates a numerical integration of the HFGMC
equations. Another important contribution of Haj-Ali and Aboudi
(2010) is to introduce a new progressive continuum damage ap-
proach whereby subcell extinction is carried out by properly
altering the governing equation. This enables the generation of
traction-free surfaces in a general manner without a priori desig-
nation of damage (crack) paths, tracking the damage evolution,
and capture the overall softening of the composite.
Bansal and Pindera (2004) provided a recast formulation of the
HFGMC for linear elastic composites by directly employing the cell
average displacements as the sole independent variables which en-
ables variable condensation, thus enhancing its computational efﬁ-
ciency. The same computational approach has been extended by
Arnold et al. (2004) to inelastic short-ﬁber triply-periodic compos-
ites including debonding between the phases. It should be noted
that (Bansal and Pindera, 2004) have explicitly used the term
HFGMC in their study. Later, the same approach is followed by
Bansal and Pindera (2006), using the HFGMC equations with their
solution technique, to include plasticity effects. However, although
this case is also a direct implementation of the HFGMCmethod, the
authors have chosen to rename it to the so called ‘‘FVDAM theory’’.
Furthermore, (Khatam and Pindera, 2009) have extended this
FVDAM to ‘‘parametric FVDAM’’. The latter employs the well-
known subparametric formulation in the classical displacement-
based ﬁnite-element method. The same assumptions are used in
the parametric FVDAM, hence HFGMC. However, the parametric
FVDAM is based on a priori constant Jacobian approximation and
incomplete quadratic displacement expansion in the parametric
coordinates.
This discussion paper is divided as follows. The second section
highlights the main assumptions and governing equations for the
orthogonal HFGMC method and shows how the FVDAM is a com-
putational implementation of the HFGMC method merely using
intermediate variables. The third section discusses the general
extension of the orthogonal HFGMC method using arbitrary cell
geometry and how it is different from the special case parametric
FVDAM. Finally, conclusions are presented in the fourth section.2. The orthogonal formulations of the HFGMC and FVDAM
The HFGMC micromechanical modeling framework for doubly
periodic multiphase composite media has been fully described
and reviewed by Aboudi (2004). This theoretical framework is
based on the homogenization technique of composites with peri-
odic microstructure as shown in Fig. 1. The repeating unit cell
(RUC) geometry of a doubly periodic composite, Fig. 2(a), can be
divided into orthogonal (regular rectangular grid) number of
subcells, each labeled by the index (b), each of which may contain
a distinct nonlinear homogeneous material. The dimensions of the
Fig. 1. Schematic illustration of a doubly periodic array of multi-phase medium in
the global X2  X3 plane and its repeating unit-cell (RUC), deﬁned with respect to its
Y2  Y3 local coordinate system.
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respectively, see Fig. 2(b). A local coordinate system ðyðbÞ2 ; yðbÞ3 Þ is
shown.
In the following, a short outline is given for the major formula-
tion of the HFGMC model for periodic composites. Towards that
end, the displacement vector in the orthogonal subcell (b) is given,
e.g. (Aboudi, 2004), by the higher-order quadratic polynomial form
uðbÞ ¼ u0 þWðbÞð00Þ þ yðbÞ2 WðbÞð10Þ þ yðbÞ3 WðbÞð01Þ
þ 1
2

3yðbÞ22 
h2b
4

WðbÞð20Þ þ
1
2
3yðbÞ23 
l2b
4
 !
WðbÞð02Þ ð1Þ
where u0 ¼   x and  is the externally applied average strain. The
coefﬁcient variables vectors, WðbÞðmnÞ, represent the volume averaged
displacement in the case of m ¼ n ¼ 0, which together with the
additional higher-order terms have to be determined.
The strain vector at each cell is deﬁned by
ðbÞ  f11; 22; 33;212;213;223gðbÞ ð2Þ
After some algebraic manipulations, it is possible to represent the
strain vector in the form
ðbÞ ¼  þ Pð10ÞWðbÞð10Þ þ Pð01ÞWðbÞð01Þ þ Pð20ÞWðbÞð20ÞyðbÞ2 þ Pð02ÞWðbÞð02ÞyðbÞ3
ð3Þ
where,
Pð10Þ ¼
0 0 0
0 0 0
0 0 1
0 0 0
1 0 0
0 1 0
2666666664
3777777775
; Pð01Þ ¼
0 0 0
0 1 0
0 0 0
1 0 0
0 0 0
0 0 1
2666666664
3777777775
ð4Þ
and Pð20Þ ¼ 3Pð10Þ; Pð02Þ ¼ 3Pð01Þ.The average strain in the cell (b) can be identiﬁed as
ðbÞ ¼  þ Pð10ÞWðbÞð10Þ þ Pð01ÞWðbÞð01Þ ð5Þ
The strain inﬂuence matrix BðbÞ of the cell can be expressed in an
incremental form by
ðbÞ  BðbÞ ¼ Iþ Pð10Þ bDðbÞð10Þ þ Pð01Þ bDðbÞð01Þh i ð6Þ
with I being the identity matrix. In addition,bDðbÞð10Þ ¼WðbÞð10Þ; bDðbÞð01Þ ¼WðbÞð01Þ ð7Þ
where bDðbÞðmnÞ are determined after the solution of the entire coupled
governing equations of the cells.
The resulting linear expansion of the stress vector can be ex-
pressed as
rðbÞ ¼ rðbÞ þ rðbÞð10ÞyðbÞ2 þ rðbÞð01ÞyðbÞ3 þ rðbÞð11ÞyðbÞ2 yðbÞ3 ð8Þ
where rðbÞ is the average stress in the cell (b) and rðbÞðmnÞ are higher-
order stress moments determined by integrating the stress-strain
constitutive material model at material points within the subcell.
The standard pointwise equilibrium equations r  r ¼ 0, lead,
in the framework of HFGMC theory, to the volume-average form
L2r
ðbÞ
ð10Þ þ L3rðbÞð01Þ ¼ 0 ð9Þ
where L2 and L3 are given by the Boolean matrices:
L2 ¼
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 0 1
264
375; L3 ¼ 0 0 0 0 1 00 0 0 0 0 1
0 0 1 0 0 0
264
375 ð10Þ
For the general case of a nonlinear material ﬁlling the cell (b), the
incremental form of its constitutive relation is given by
DrðbÞ ¼ CðbÞDðbÞ ¼ CðbÞD0 þ CðbÞAðbÞDW ðbÞ ð11Þ
where CðbÞ is the proper instantaneous or consistent fourth-order
tangent stiffness tensor that is selected based on the considered
nonlinear material behavior within the cell, such as total deforma-
tion theory, incremental plasticity, nonlinear viscoelasticity, and
viscoplasticity. Standard forms of the fourth-order tangent or con-
sistent tangent tensors for these material models can be found in
Simo and Hughes (1998), Khan and Huang (1995), and ABAQUS
(2007).
The incremental forms of the constitutive models for the differ-
ent phases are used in the linearized formulation of the HFGMC. In
addition, the corresponding total integrated constitutive forms are
also employed to derive the HFGMC nonlinear equations using to-
tal microvariables and stresses in the cells, e.g. (Haj-Ali and Aboudi,
2009).
Next, the displacement continuity is imposed on an integral
average basis over the interfaces. Consider an interface ðbkÞ, be-
tween two neighboring cells where (b) denotes the subcell number
and the subscript k denotes one of the four sides or interfaces of
the subcell. The contribution of subcell (b) to the displacement
continuity conditions for k = 1, 3 interfaces, having a normal in
the y3-direction, are given by
ub1;3 ¼ 1
lk
Z lk=2
lk=2
uðbÞdyk ¼ u0 þW ðbÞð00Þ 
lb
2
W ðbÞð01Þ þ
l2b
4
W ðbÞð02Þ ð12Þ
Similarly, the contribution of subcell (b) to the displacement
continuity conditions for k = 2, 4 interfaces, having a normal in
the y2-direction, are
ub2;4 ¼ 1
lk
Z lk=2
lk=2
uðbÞdyk ¼ u0 þW ðbÞð00Þ 
hb
2
W ðbÞð10Þ þ
h2b
4
W ðbÞð20Þ ð13Þ
The average traction vector for each side of the subcell is
deﬁned by:
Fig. 2. (a) A schematic RUC representation using orthogonal HFGMC; (b) an orthogonal subcell; (c) a schematic RUC representation using parametric HFGMC; (d) a general
quadrilateral subcell.
Fig. 3. General arrangement of rectangular subcells and the coordinate systems for
the orthogonal HFGMC model. Extended mirrored subcells-interfaces are shown
upon which the periodic conditions are enforced.
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lk
Z lk=2
lk=2
r  ndyk ð14Þ
The two traction continuity conditions for
TðbkÞ ¼ NðbkÞCðbÞ 0 þ AðbkÞWðbÞ
h i
ð15Þ
where the matrix NðbkÞ is composed of the components of the nor-
mal vector, nðbkÞ, for each side of the subcell. It has the general form:
NðbkÞ ¼
n1 0 0 0 n3 n2
0 n2 0 n3 0 n1
0 0 n3 n2 n1 0
264
375
ðbkÞ
ð16Þ
The periodicity relations can be satisﬁed by mirroring and
extending the cells near the periodic interfaces as shown in
Fig. 2. Therefore Eqs. (12), (13) and (14), (15) are equivalent to
the periodic relations by using the proposed mirroring technique,
(Haj-Ali and Aboudi, 2009).
The contribution RðbÞ of subcell (b) to the overall residual vector
can be arranged in the order of traction continuity, internal equi-
librium equations for the subcell, followed by the displacement
continuity. This contribution is written for the two sweeping-inter-
faces of Fig.3 as:
RðbÞ  Rr;RE;Ruf gðbÞ
¼ TðbÞ1 XðbÞ þ Tðb
LÞ
2 X
ðbLÞ þ TðbRÞ3 Xðb
RÞ  DðbÞ1   Dðb
LÞ
2   Dðb
RÞ
3  ð17Þ
The matrix TðbÞ1 operates on the microvariable vector X
ðbÞ and
provides the traction and displacement at the two interfaces within
the cell (b). Its structure is given by
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A2ð10Þ A2ð01Þ 0  hb2 A2ð20Þ 0
A3ð10Þ A3ð01Þ 0 0
lb
2 A3ð02Þ
0 0 0 A2ð20Þ A3ð02Þ
 hb2 I 0 I
h2b
4 I 0
0 lb2 I I 0
l2b
4 I
26666666664
37777777775
ðbÞ
ð18Þ
Similarly, the matrices Tðb
LÞ
2 and T
ðbRÞ
3 operate on the microvari-
able vectors, Xðb
LÞ and Xðb
RÞ of the adjacent cells, respectively. They
provide the traction and displacement on the other side of the two
interfaces. Similarly,
Tðb
LÞ
2 ¼
A2ð10Þ A2ð01Þ 0  hb2 A2ð20Þ 0
0 0 0 0 0
0 0 0 0 0
 hb2 I 0 I 
h2b
4 I 0
0 0 0 0 0
26666664
37777775
ðbLÞ
ð19Þ
Tðb
RÞ
3 ¼
0 0 0 0 0
A3ð10Þ A3ð01Þ 0 0 lb2 A3ð02Þ
0 0 0 0 0
0 0 0 0 0
0 lb2 I I 0 
l2b
4 I
26666664
37777775
ðbRÞ
ð20Þ
The Di matrices can be viewed as the contribution to the local stres-
ses at the considered two interfaces of the corresponding cells from
the externally applied global strain ﬁeld. Their structure is given by
DðbÞ1 ¼
A2ð00Þ
A3ð00Þ
0
0
0
0
2666666664
3777777775
ðbÞ
Dðb
LÞ
2 ¼
A2ð00Þ
0
0
0
0
0
2666666664
3777777775
ðbLÞ
Dðb
RÞ
3 ¼
0
A3ð00Þ
0
0
0
0
2666666664
3777777775
ðbRÞ
ð21Þ
The ﬁnal system of the governing equations is obtained by ma-
trix assembly of these contributions from all the subcells. The
resulting global system of equations has the symbolic form
Arr Aru
Aur Auu
 
Xr
Xu
 
¼ D
0
 
fg ð22Þ
The solution can be represented as:
X ¼ A1D  bD ð23Þ
where the square matrix A has the dimension 15N  15N, where N
is the total number of subcells. However, (Haj-Ali and Aboudi, 2009)
showed it is possible to perform a static condensation procedure to
reduce the number of unknown variables to 6N  6N by taking
advantage of the homogeneous part of the above system of equa-
tions in Eq. (22).
Bansal and Pindera (2006) have used a ‘‘reconstruction’’ of the
HFGMC formulations by algebraic manipulation of the governing
equations. This is done by the introduction of intermediate depen-
dent variables in the form of average displacements at the inter-
faces between the subcells. This reduction of the total number of
solution variables enhances the computational efﬁciency but does
not alter the basic micromechanical theory embodied in its scien-
tiﬁc assumptions, equations of state, governing equations, and the
unknown independent variables of the solution ﬁeld! They argued
it is sufﬁciently signiﬁcant reconstruction to rename the HFGMC to
FVDAM, and have pointed to similarities between the HFGMC and
the ﬁnite-volume method in ﬂuid mechanics. Therefore, theFVDAM is not a newmethod and does not carry a signiﬁcant recon-
struction of the original HFGMC. The algebraic manipulation and
computational implementation of any scientiﬁc theory does not
justify renaming it. Finally, it is interesting to note that in an earlier
report by these authors, (Bansal and Pindera, 2004), the same alge-
braic manipulations have been presented as a reformulation of the
HFGMC method without changing its name.
It is important to mention that major differences exist between
the HFGMC and the classical ﬁnite-element method as the former
is not based on a variational principal, but directly employs the
average form of the governing differential equations. Detailed dis-
cussions on these differences can be found in Haj-Ali and Aboudi
(2009, 2010). However, the ﬁnite-volume methods originally for-
mulated for ﬂuid mechanics type problems have been recently ex-
tended to solid mechanics problems, e.g. (Sabbagh-Yazdi et al.,
2012; Jasak and Weller, 2000; Fryer et al., 1991; Bailey and Cross,
1995; and Fallah et al., 2000). Similarities between the HFGMC and
some forms of the ﬁnite-volume methods can be identiﬁed mainly
in the principle of using a discrete control volume (subcell) and
employing the volume integral equilibrium equations. Still, there
are different and unique extensions that the HFGMC offers since
it is specialized for micromechanics of multi-phase heterogeneous
solid media. Indeed, the HFGMC has been independently formu-
lated as a higher-order generalization of its lower-order microme-
chanics predecessors, namely the GMC and the MOC. The latter
method can be traced back to Aboudi (1982), where the basic ideas
of using control volume and average traction and displacement
continuity have been proposed. Therefore, the use of similarity
arguments between the HFGMC and the ﬁnite-volume methods,
without proposing a new fundamental mathematical foundation,
does not provide the scientiﬁc merit in changing the HFGMC name
to FVDAM.
The above algebraic manipulation by the FVDAM to the HFGMC
equations can be easily explained by examining Eq. (1) along with
the deﬁnition of the average interfacial displacements deﬁned by
Eqs. (12), (13). Their goal is to replace the prime unknowns of
the polynomial expansion WðbÞðm;nÞ by these interfacial average dis-
placements. This is achieved by employing the continuity of the
average interfacial displacements along with the volume average
equilibrium equations. The average interfacial traction equations
can now be expressed using the intermediate variables as:
TðbkÞ
 	 ¼ KðbÞ
  uðbkÞ 	 Q ðbÞ
 f  g ð24Þ
where KðbÞ and Q ðbÞ are the appropriate matrices which depend on
the geometry and elastic material properties in the subcell. The glo-
bal system of equations is assembled by applying the traction con-
tinuity relations in conjunction with the expressions given above.
As mentioned, the same variable reduction can performed alterna-
tively by observing the homogeneous portion of the global system
of Eq. (22). The homogeneous part gathers the continuity of dis-
placements and equilibrium equations for the entire RUC.3. The parametric formulations of the HFGMC and FVDAM
This section deals with the parametric formulation of the
HFGMC with arbitrary cell geometry, (Haj-Ali and Aboudi, 2010),
and its relation to the parametric FVDAM, (Khatam and Pindera,
2009). The parametric HFGMC has been formulated using the exact
methodology of the original HFGMC framework. To transform the
original HFGMC governing equations over a mapped non-orthogo-
nal (irregular) geometry, a standard text-book subparametric
approach is used. The parametric RUC geometry is shown in
Fig. 2(c) where an arbitrary assembly of quadrilateral shaped
subcells are used to deﬁned the geometry of the microstructure.
A subcell geometry is shown in Fig. 2(d) where it follows a classical
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ous ﬁbers, a local coordinate system ðyðbÞ2 ; yðbÞ3 Þ is introduced in each
subcell, see Fig. 2.
The displacement ﬁled is interpolated with higher shape func-
tions (complete quadratic) and the geometry is interpolated using
lower shape functions (linear), e.g. (Irons and Ahmad, 1980; Cook
et al., 2002). Thus, the parametric HFGMC has been achieved in a
direct and general manner, i.e. retaining the full quadratic expan-
sion of the displacement together with full Jacobian, without a pri-
ori approximation on the Jacobian. However, we show at the end of
this section that the parametric FVDAM is a special and limiting
case of the parametric HFGMC, when the Jacobian is sampled
and evaluated only at one point, namely at the origin of the para-
metric coordinate system. Finally, we address the question of using
a complete quadratic polynomial with a bilinear term and the
additional three equations derived from a weighted integral of
the equilibrium.
Next, a brief outline is given to explain the parametric HFGMC.
Towards that end, Fig. 2(d) shows a subcell with general quadrilat-
eral geometry. A classical linear parametric mapping is used to
map the physical geometry to a uniform parametric (parent) ðr; sÞ
coordinate system:
y2ðr; sÞ ¼
X4
i¼1
Hiðr; sÞyðiÞ2 ; y3ðr; sÞ ¼
X4
i¼1
Hiðr; sÞyðiÞ3 ð25Þ
where
H1 ¼ 14 ð1 rÞð1 sÞ; H2 ¼
1
4
ð1þ rÞð1 sÞ
H3 ¼ 14 ð1þ rÞð1þ sÞ; H4 ¼
1
4
ð1 rÞð1þ sÞ ð26Þ
and ðyðiÞ2 ; yðiÞ3 Þ are the corner coordinates of the cell.
A general parametric expansion of the displacement in the cell,
using the auxiliary parametric coordinates ðr; sÞ, can be expressed
using the Legendre polynomials as follows
u ¼ 0  xþ
XM
m¼0
XN
n¼0
WðmnÞPmðrÞPnðsÞ ð27Þ
The parametric HFGMC formulation directly employs the complete
quadratic form given by
u ¼ 0  xþWð00Þ þWð10Þr þWð01ÞsþWð11Þrs
þ 1
2
Wð20Þð3r2  1Þ þ 12Wð02Þð3s
2  1Þ ð28Þ
The mapping between the parametric and physical cell geometries
is performed using the above transformation functions Hi along
with the standard Jacobian:
J ¼
@y2
@r
@y3
@r
@y2
@s
@y3
@s
" #
¼ A1 þ A2s A4 þ A5s
A3 þ A2r A6 þ A5r
 
ð29Þ
The right hand side of Eq. (29) is the case for linear parametric map-
ping used for the geometry. Fig. 2(d) describes a typical four-sided
quadrilateral subcell labeled as (b). Let nðbkÞ denote the normal
vector to side k ¼ 1;2;3;4. The average displacement and traction
vectors are also shown on each side. The average displacement
vector uðbkÞ on the side of the subcell is deﬁned by
uðbkÞ ¼ 1
lk
Z
Sk
uðbÞðyÞdSk ¼ 1lk
Z 1
1
uðbÞðr; sÞJSkdnk ¼
1
2
Z 1
1
uðbÞðr; sÞdnk
ð30Þ
where lk is the length of the side (equal to the area Sk of this side
with unit thickness). The integration is deﬁned in the physical space
and performed using the parametric transformation coordinates.The line Jacobian JSk used in the present case of linear mapping
has the value: JSk ¼ lk=2. In the above equation, the integration vari-
ables dnk assume the value dr or ds depending the speciﬁed side.
The average traction vector TðbkÞ on the side of the subcell is de-
ﬁned by
TðbkÞ ¼ 1
lk
Z
Sk
rðbÞðyÞ  nðbkÞdSk ¼ 12
Z 1
1
rðbÞðr; sÞ  nðbkÞdnk ð31Þ
where rðbÞ is the stress ﬁeld.
By substituting the quadratic form of the displacement given by
Eq. (28) in Eq. (30), the average displacements on the side of the
subcell have the form
uðbkÞ ¼ u0 þWðbÞð00Þ WðbÞð01Þ þWðbÞð02Þ; k ¼ 1;3
uðbkÞ ¼ u0 þWðbÞð00Þ WðbÞð10Þ þWðbÞð20Þ; k ¼ 2;4 ð32Þ
In order to establish the average tractions of each subcell, the
stresses need to be expressed in terms of the strains (constitutive
equations) which in turn need to be deﬁned using the coefﬁcients
in the displacement expansions (micro-variables). The displace-
ment gradients with respect to the physical coordinates, as
functions of the parametric coordinates ðr; sÞ, are given by
@ui
@yj
ðr; sÞ ¼ @uiðr; sÞ
@r
@r
@yj
þ @uiðr; sÞ
@s
@s
@yj
¼ bJ j1 @uiðr; sÞ
@r
þ bJ j2 @uiðr; sÞ
@s
ð33Þ
where bJ is the inverse of the Jacobian that was given in Eq. (29). A
direct differentiation of Eq. (28) yields
@ui
@yj
¼bJ j1 Wið10Þ þWið11Þsþ3Wið20Þr
 þbJ j2 Wið01Þ þWið11Þrþ3Wið02Þs
 
ð34Þ
The spatial form of the strains in a given cell (b) are deﬁned by
ðbÞij ðyðr; sÞÞ ¼ 0ij þ
1
2
@ui
@yj
þ @uj
@yi
 !
¼ 0 þ AðbÞWðbÞ ð35Þ
The size of the vector WðbÞ is 18 and includes all the microvari-
ables of cell as follows
WðbÞ;T ¼ W ð00Þ;W ð10Þ;W ð01Þ;W ð11Þ;W ð20Þ;W ð02Þ
 	ðbÞ ð36Þ
The AðbÞ matrix is divided into six equal-size sub-matrices of the
form
AðbÞ ¼ Að00Þ Að10Þ Að01Þ Að11Þ Að20Þ Að02Þ
6 3 6 3 6 3 6 3 6 3 6 3
 ðbÞ
ð37Þ
where Að00Þ is a matrix of the order of 6 3 the elements of which
are zeros, and
Að10Þ ¼
0 0 0
0 bJ ð21Þ 0bJ ð11Þ 0 0bJ ð21Þ bJ ð11Þ 0
0 0 bJ ð11Þ
0 0 bJ ð21Þ
266666666664
377777777775
ð38Þ
Að01Þ ¼
0 0 0
0 bJ ð22Þ 0bJ ð12Þ 0 0bJ ð22Þ bJ ð12Þ 0
0 0 bJ ð12Þ
0 0 bJ ð22Þ
266666666664
377777777775
ð39Þ
Að11Þ ¼ sAð10Þ þ rAð01Þ; Að20Þ ¼ 3rAð10Þ; Að02Þ ¼ 3sAð10Þ ð40Þ
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TðbkÞ ¼ 1
2
Z 1
1
NðbkÞCðbÞ 0 þ AðbÞWðbÞ
h i
dnk ¼ NðbkÞCðbÞ 0 þ AðbkÞWðbÞ
h i
ð41Þ
We proceed by following the original HFGMC formulation to
impose the displacements and tractions continuity between the
subcells along with the periodicity conditions, and intra subcell
equilibrium in an average integral sense. In the following, the
above transformed expressions for the average displacements
and tractions, (32) and (41), respectively can readily be used to
impose the HFGMC equations. The interfacial displacements and
tractions continuity can be written as
uðbkÞ ¼ uðcmÞ; TðbkÞ ¼ TðcmÞ ð42Þ
where bk denotes the kth interface (side) of subcell b and cm is the
neighboring mth interface side of subcell c. The displacement and
traction periodicity conditions are imposed as in Eq. (42), but with
cell b and c located on opposite sides of the RUC.
The equilibrium equations for each subcell are imposed in an
average sense in conjunction with divergence theorem in order
to utilize the derived expressions for the average tractions as
follows.Z
V
r  rdV ¼
Z
S
r  ndS ¼
X4
k¼1
Z
Sk
NðbkÞrðbÞdSk ¼
X4
k¼1
lkTðbkÞ ¼ 0 ð43Þ
where V and S are the volume and surface of the (b)-cell, respec-
tively, and lk is the length of the kth side.
The total number of unknownmicrovariables in the RUC is 18Nc
where Nc is the total number of subcells, every one of which has 18
microvariables, see Eq. (28). The number of continuity and period-
icity equations for displacements is 3 2Nc (only two interfaces
for each cell provide independent relations), see the ﬁrst equality
in Eq. (42). Similarly, the number of traction continuity and period-
icity equations is 3 2Nc . The average equilibrium relations, Eq.
(43), provide 3Nc equations. Thus additional 3Nc equations are
needed. To this end, the moment of the equilibrium equations
can be used. This is expressed as follows.Z
V
y2y3r  rdV ¼
Z
V
r  y2y3rð ÞdV 
Z
V
y2r  e^3dV 
Z
V
y3r
 e^2dV
¼
Z
S
y2y3r  ndS Sð10Þ  e^3  Sð01Þ  e^2
¼
X4
k¼1
lk
V
TðbkÞð11Þ  Sð10Þ  e^3  Sð01Þ  e^2 ¼ 0 ð44Þ
where the volume average stress moments are generally deﬁned as
SðmnÞ ¼ 1V
Z
V
ym2 y
n
3rdV ð45Þ
and
TðbkÞðmnÞ ¼
1
lk
Z
Sk
ym2 y
n
3r  ndSk ð46Þ
with e^2; e^3 being the unit vectors in the y2 and y3-directions,
respectively.
The above concludes the major highlights and equations of the
parametric HFGMC needed to address the relation with the para-
metric FVDAM, (Khatam and Pindera, 2009). The ﬁrst major differ-
ence is the use of the a priori approximation for the Jacobian in the
so-called ‘‘volume averaged Jacobian’’ deﬁned by:
JðbÞ ¼ 1
4
Z 1
1
Z 1
1
JðbÞðr; sÞdrds ð47ÞThe inverse of the above constant Jacobian is suitable for rectangu-
lar and parallelograms subcell shapes. It can be easily seen that this
integral of the Jacobian, Eq. (47), is nothing but the Jacobian itself,
Eq. (29), evaluated at the origin ðr; sÞ ¼ ð0;0Þ. It is a well-known fact
that a priori constant Jacobian may lead to large errors especially in
the displacement gradients in Eq. (34). This approximation has been
used in the early stages of the ﬁnite-element method, but as has
been pointed out, for example, by Pian and Wu (2006): ‘‘the use
of ½Jð0;0Þ to approximate J is equivalent to the introduction of a
geometric approximation by . . . a parallelogram of the same length
. . .When an element is not a rectangle or parallelogram . . . This may
lead to a large error in the solution’’.
It is important to emphasize, therefore, that the parametric
HFGMC did not follow this approximation of the Jacobian directly
in its formulation, rather, the level of accuracy is determined by the
number of integration points in the actual numerical computa-
tions. A selection of a single integration point, as a special case,
can render the parametric HFGMC to coincide with the parametric
FVDAM results, assuming that the surface integrals are evaluated
in the same manner.
A second distinction is the use of an incomplete quadratic
displacement ﬁeld given by the parametric FVDAM in the form:
u ¼ 0  xþWð00Þ þWð10Þr þWð01Þsþ 12Wð20Þð3r
2  1Þ
þ 1
2
Wð02Þð3s2  1Þ ð48Þ
where the bilinear termWð11Þrs has not been included. However, the
parametric HFGMC employs full quadratic displacement expansion
suited for a general quadrilateral cell shape. This term vanishes in
the volumetric and surface integral expressions for rectangular
shaped subcells of the orthogonal HFGMC, as has been explicitly
noted by Haj-Ali and Aboudi (2010). As a result, of the addition of
the bilinear terms, additional moment equilibrium equations have
been added in order to have sufﬁcient equations. A weighted aver-
age moment equilibrium has been chosen as shown earlier. Haj-Ali
and Aboudi (2010) have clearly stated in their earlier paper: ‘‘This
choice may not be the optimal one and further research may be
needed to answer the question: what is the optimal equilibrium
moment equation’’? In light of this and the derivations in this
Section, it is clear that the parametric FVDAM is a special case of
the parametric HFGMC when the Jacobian is evaluated at the origin.
In this situation, the added moment equilibrium equations
eliminate the contribution of the bilinear terms.4. Conclusions
This discussion paper has been written as a response to a previ-
ous discussion paper initiated by the FVDAM authors. The goal of
the present contribution is to point out that the FVDAM is a com-
putational implementation of the original HFGMC method. In the
second Section, it is shown that the use of intermediate dependent
variables did not alter the essence of the HFGMC as a method. Thus
renaming the HFGMC is not warranted and has not been justiﬁed.
The repeated claim that the FVDAM had ‘‘signiﬁcant reconstruc-
tion’’ has not been substantiated. The inference of similarities be-
tween the HFGMC and the ﬁnite-volume method in ﬂuid
mechanics is at best an interpretation and wordy description of
the HFGMC equations without rigorous mathematical foundation.
Even if a direct link between the ﬁnite-volume in ﬂuid mechanics
and the HFGMC equations has been established, this does not jus-
tify changing the HFGMC name. Moreover, it is shown in Section 2
that the same reduction of variables can be achieved by a simple
static condensation at of the global system of equations, as previ-
ously pointed out as a side equation by Haj-Ali and Aboudi (2009).
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parametric HFGMC inwhich a direct and general approach has been
followed, i.e. retaining the complete quadratic polynomial expan-
sion of the displacement together with the full Jacobian matrix.
Thus, the parametric FVDAM is a special case of the parametric
HFGMC, when the Jacobian is sampled and evaluated only at one
point, namely at the origin of the parametric coordinate system.
In the FVDAM discussion paper, it is argued in part, that the use of
a complete quadratic polynomial is not needed and that the added
moment of equilibrium equations are not properly formulated. This
question is not original. Indeed, (Haj-Ali and Aboudi, 2010) have
raised this question earlier in their original paper, see Section 3
above. In addition, the intended new contribution of Haj-Ali and
Aboudi (2010) to reﬁned micromechanics and progressive damage
has been completely ignored by the parametric FVDAM.
In conclusion, the FVDAM is not a new method but a computa-
tional implementation of the original HFGMC equivalent to static
condensation of the solution variables. In addition, the parametric
FVDAM is a special case of the parametric HFGMC, using one
integration point at the origin, and discarding the bilinear term
from the quadratic expansion of the displacement. Therefore, in
order to maintain scientiﬁc clarity, it is strongly advocated to pre-
serve the original name of the HFGMC method, regardless of the
different computational implementations used for solving the gov-
erning equations for both orthogonal and parametric geometries of
the subcell.
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